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1. INTRODUCTION 
The purpose of this paper is to present an oscillatory behavior of bounded 
solutions for the more general equations of the following type 
(r(t) d-l’(t)) + a(t) l+(t)) p(x’(t)) -t b(t)f(x(g(t))) -7 c(t), (1) 
(r(t) x’(t))(“--1’ + a(t) h@(t)) p(x’(t)) -t b(t)f(s(g(t))) == c(t). (2) 
For these equations it is assumed throughout this paper that 
(i) I E C”[R+ , I?,], R, = (0, +~xI) and lfr dtir(t) = -1-s;; 
(ii) n E C"[R+ ,R, U(O)]; 
(iii) g E P[R+ , R,] and lim,,,, g(t) = I r^-: 
(iv) 6, c E CO[R+ , R], R =: (-co, +a); 
(v) I? E P[R, R], .14(x) > 0 for .Y f 0 and /Z(X) is nondecreasing; 
(vi) p E C"[R, R], p(d) > k, > 0; 
(vii) f~ C"[R, R], ;vj( y) > 0 f or F J 0 and f( ~1) is nondecreasing. 
\\‘e shall consider only those solutions of (1) and (2) which exist on an interval 
[t,, , + ‘x), where to may depend on the particular solution, and are nontrivial in 
any neighborhood of infinity. A solution will be said to be oscillatory if it has an 
infinity of zeros on an interval [to , + cc) on which it is defined. 
In this paper an attempt will be made to establish an oscillation criterion for 
bounded solutions of Eqs. (1) and (2) with oscillatory coefficient b(t). Our 
result is an extension of a theorem of Kusano and Onose [I] on the bounded 
oscillation of the following differential equations with deviating argument 
(r(t) “Pyt))’ + h(?)f(.x(g(t))) -= c(t), 
(r(t) .T’(t))(-l) + b(t)f(x(g(t))) = c(t). 
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2. MAIN RESULT 




a(t) dt < +a 
and 
fix 6+(t) dt = +a, j-la b-(t) dt :> --03 
(3) 
(4) 
where b+(t) = max(b(t), 01, b-(t) = min(b(t), 01, and 
.c +*’ ) c(t)/ dt < $-co. (5) 
Then, every bounded so&ion x(t) of (1) (OY (2)) is either oscillatory OY such that 
litn@f 1 x(t)1 = 0. (6) 
PYOO~. Our proof is an adaptation of the argument developed by Kusano 
and Onose [I]. Let x(t) be a bounded nonoscillatory solution of (1). Without loss 
of generality assume x(t) + 0 on [t, , + co). Suppose x(t) > 0. The case x(t) < 0 
is handled similarly. If (6) d oes not hold, then there are positive numbers k, , 
k, K, and T such that 
k < Q(t)) < k’ for t 2 T. (7) 
Integrating (1) from T to t and taking (vii) into account, we obtain 
r(t)s'"-l'(t) - r(T)x'"-l'(T) 
= - 1’ b+(s) f(x(&)N ds - j-; Us)fM&N ds -T 
- J:” a(s) h@(s)) p@‘(s)) ds + 1: c(s) ds 
-< -f(k) ji b+(s) ds -f(K) -1: b-(s) ds - k,k, .I: a(s) ds + -1: c(s) ds. 
(8) 
Letting t - + co in (8) and using (3) (4), and (5), we have 
lim r(t) xcn-l)(t) = -00, 
t-+z 
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from which by use of(i) we conclude that 
lim y(n-l)(t) z --a 
t-.+% .
and hence lim x(t) = -oz. 
t-+ c 
But this contradicts the fact that x(t) > 0. Thus, our assertion for (1) is true. 
Next, let x(t) be a bounded solution of (2) such that lim,,,, inf x(t) >- 0. 
Then, (7) holds for some positive numbers k, , k, K, and T. and a similar 
argument as above yields 
which again leads to the contradictory conclusion that 
lim s(t) = -a. 
t-,+ir 
This proves the assertion for Eq. (2). 
Remark I. If we take a(t) = 0, the theorem becomes a result of Kusano and 
Onose [I]. 
IVe conclude with the statement that this theorem can be extended to the 
following equation 
(r(t) .x’(t))’ -k a(t) h(W) p@‘(t)) + b(tjf(Q(fjj) -L c(tj 
to which both (1) and (2) reduce in the special case when n ~~ 2. 
Remark 2. Travis [2] has demonstrated that under condition 
(9) 
I+% bctj dt = +ocm (10) 
the deril-ative x’(t) of every solution x(t) of the equation 
x”(t) + b(t) x(g(t)) = 0 
is oscillatory, to which (9) reduces in the special case when 
r(f) =E 1, a(t) = O,f(x(g(t))) +- x(g(t)) and c(f) I< 0. 
Remark 3. In a paper [l], Kusano and Onose considered the equation 
(r(t) x’(t)>’ + b(tjf(x(g(4)) -= 0 
where I’, 11, f, and g were as above and gave conditions which insure that everv 
bounded solution x(t) of the above equation is either oscillatory or such that 
lim k-‘-T inf ! x(i)1 = 0, to which (9) reduces in the special case when a(f) Ed- 0, 
and c(t) F- 0. 
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PROPOSITION. In addition to (i)-(vii) assume that f(y) is differentiable fat 
y f 0 and g(t) is dzgewztiable with g’(t) 3 0. Then, if (3) and (10) hold, the 
derivative x’(t) of any so&ion x(t) of (9) is oscillatory. 
Proof. If x(t) is an oscillatory solution of (9), then the conclusion of the 
proposition is certainly true. If x(t) is ultimately positive, then there are positive 
numbers k, , k, K, and T such that 
k, < h@(t)), k < x(g(t)) d K for t > T. 
Suppose x’(t) > 0 for t 3 T. Sincef( y) is nondecreasing and differentiable for 
y # 0, then we easily see thatf ‘( y) > 0 fory # 0. Theny(t) = r(t)x’(t)lf(x(g(t))) 
satisfies the equation 
r(t) = (y(t) 4t>>’ _ r(t) wfcw))) aw) g’(t) 
f M&))) f bw)N” 
( (y(t) WY 
’ f M&w>> 
= _ b(t) _ 4) hMt))PW(tN + 44 
f WW) f Mm) * 
Integrating above from T to t we obtain 
y(t) - y(T) < - 1: b(s) ds - fs j’ a(s) ds + m j’ c(s) ds, 
T T 
where m = l/f(k), if jf c(s) ds > 0 and m = l/f(K), if si c(s) ds < 0. Hence, 
lin-k+_, y(t) = -co. But this contradicts the fact that y(t) > 0. Suppose now 
that x’(t) -=c 0 for t > T. It is not difficult to see that r” b(t) dt = + co and 
s+Q c(t) dt < + 03 implies that there exists T* >, T so that 
f(k) j:* b(s) ds - I,: c(s) ds > 0 for t > T*. 
Now integrating Eq. (9) from T* to t we have 
r(t) x’(t) - r(T*) x’( T*) 
= - f ” a(s) ‘VX(S)) P(X’(S)) ds - jf* b(s)f (Xk(S))) ds + Jo* C(S) ds 
- T* 
< -k,k, j;* U(S> ds - f (4 /ia 44 ds + I;* C(S) ds 
< 0. 
Which contradicts the fact that x(t) is positive for large t. This completes the proof. 
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